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SURVEY O F  A SECOND CLASS OF ORBITS 
I N  THE EARTH-MOON FIELD: XR = 1.00  

By R. F. Hoelker 
E l e c t r o n i c s  Research Center  

SUMMARY 

A class of  o r b i t s  i n  t h e  Earth-Moon (E-M) f i e l d  i s  d iscussed  
based on a sequence of i l l u s t r a t i o n s .  The class i s  de f ined  by 
t h e  common s t a r t i n g  p o i n t  of a l l  o r b i t s  a t  t h e  normalized coordin
a te  XR = 1 . 0 0  on t h e  r o t a t i n g  XR-axis and by t h e  o r t h o g o n a l i t y  t o  
t h i s  a x i s  of t h e  i n i t i a l  v e l o c i t i e s  of a l l  i t s  o r b i t s .  A l l  motion 
i s  i n  a p l ane .  

The system model i s  t h a t  of t h e  r e s t r i c t e d  problem of t h r e e  
bod ies ,  w i th  c i r c u l a r  motion of t h e  masses and t h e  mass parameter 
1-1 = 1 / 8 0 .  Ear th  and Moon are l o c a t e d  on t h e  XR-axis a t  -0.0125 
and +0.9875, r e s p e c t i v e l y .  

The o b j e c t i v e  of t h e  s tudy  i s ,  f i r s t ,  a g r a p h i c a l  d i s p l a y  of  
t h e  c l a s s  of o r b i t s  i n  s t e p s  smal l  enough t o  a l low i n t e r p o l a t i o n  
and, secondly,  through t h e  e x p l o i t  of a p p r o p r i a t e l y  composed su r 
vey g raphs ,  t h e  e x p o s i t i o n  of t h e  c lass '  main phases of develop
ment as w e l l  as t h e i r  c r i t i c a l  t r a n s i t i o n s .  

For comparison a s u i t a b l y  chosen class of Kepler o r b i t s  i n  
r o t a t i n g  coord ina te s  i s  c a r r i e d  i n  p a r a l l e l .  

INTRODUCTION 

This  r e p o r t  i s  t h e  second i n  a series of r e p o r t s  in tended  t o  
d e p i c t  classes ( o r  series) of o r b i t s  of t h e  E-M f i e l d  a s  r ep re 
sen ted  by t h e  r e s t r i c t e d  three-body problem, and t o  compare t h e s e  
o r b i t s  w i t h  r o t a t i n g  Kepler o r b i t s .  

While t h e  f i r s t  r e p o r t  of t h i s  series ( r e f .  1) d e a l s  w i th  a 
class of o r b i t s  t h a t  s t a r t  f a r  behind t h e  Moon and thereby  can 
show a r e l a t i v e l y  l a r g e  degree of s i m i l a r i t y  t o  Kepler o r b i t s ,  
t h e  p r e s e n t  r e p o r t  d i f f e r s  g r e a t l y  i n  t h i s  r e s p e c t .  

I ts  o r b i t s  s t a r t  a t  t h e  p o i n t  XR = 1 . 0 0 ;  YR = 0 . 0 0 ,  whi le  t h e  
Moon i s  l o c a t e d  a t  XR = 0.9875; YR = 0.00. The close proximity of 
t h e  i n i t i a l  p o i n t  t o  t h e  Moon's l o c a t i o n  causes  t h i s  c l a s s  n o t  
on ly  t o  c o n t a i n  a large cont inuous group of o r b i t s  t h a t  s t a y  i n  
t h e  Moon's f i e l d ,  b u t  a l so  t o  show t h e  Moon's e f f e c t  i n  a l a r g e r  
v a r i e t y  of  o r b i t a l  developments t han  w a s  t h e  c a s e  wi th  t h e  group 
of o r b i t s  of t h e  ear l ie r  r e p o r t .  

1 




Thus, on one hand, t h e r e  i s  a much reduced chance t o  set  t h e  
E-M o r b i t  i n  correspondence t o  Kepler  o r b i t s .  On t h e  o t h e r  hand, 
t h e  l a r g e r  v a r i e t y  of  even t s  poses rea l  problems when it comes t o  
p resen t ing  t h e  whole series of o r b i t s  on a few survey-graphs as 
w a s  done w i t h i n  f i v e  graphs f o r  t h e  ear l ier  series. The problem
is m e t  h e r e  by provid ing  t h e  r e a d e r  a choice  between a "four-part ,  
synops is"  and a group of "twenty survey graphs."  A comparison 
between t h e  t w o  t e s t i f i e s  t o  t h e  amount of  i n t e r e s t i n g  material  
t h a t  w a s  d e l e t e d  i n  des igning  t h e  s h o r t e r  of t h e  t w o  surveys.  

S ince  r e f e r e n c e  1 g i v e s  an extended i n t r o d u c t i o n  i n t o  t h e  
r e p r e s e n t a t i o n  and c l a s s i f i c a t i o n  of  Kepler o r b i t s  i n  r o t a t i n g  
coord ina te s ,  t h e  p r e s e n t  r e p o r t  merely r e f e r s  t o  it. 

The main body of  t h e  r e p o r t  i s  arranged so i t s  f i r s t  p a r t  p re
s e n t s  t h e  two surveys s t a r t i n g  wi th  t h e  s h o r t e r  one. The twenty 
graph survey i s  accompanied by an extended commentary, and i s  t o  
be looked upon as t h e  c o r e  of t h e  r e p o r t .  H e r e  t h e  major phases 
of t h e  series and t h e i r  developments, as w e l l  as t r a n s i t i o n s ,  a r e  
d i scussed .  This  i s  p a r a l l e l e d  by a survey of Kepler o r b i t s  con
t a i n e d  on s i x  graphs.  

The remainder of t h e  r e p o r t  p r e s e n t s  t h e  l a r g e  number of i n 
d i v i d u a l  o r b i t s ,  each one graphed t o  a t i m e  l e n g t h  corresponding 
t o  t h e  s i g n i f i c a n c e  of t h e  development shown. Comments a r e  made 
a t  p l a c e s  where it s e e m s  necessary  f o r  c l a r i t y  o r  emphasis. 

I n  p a r a l l e l  t o  t h i s ,  i n d i v i d u a l  Kepler o rb i t s  are d i sp layed  
t o  f a c i l i t a t e  comparisons where t h e s e  a r e  p o s s i b l e .  A t  o t h e r  
p l a c e s ,  t h e  Kepler series i s  continued merely f o r  completeness.  
(Kepler o r b i t s  and surveys  of t h e s e  are p laced  a t  t h e  bottom of 
pages.  1 

The r i c h  con ten t s  of t h e  p r e s e n t  E-M series i s  a t t e s t e d  t o  
by t h e  very l a r g e  number of f i g u r e s  supp l i ed  he re .  The c o s t  of 
producing them, however, i s  g r e a t l y  reduced from t h o s e  of r e f e r 
ence 1 by t h e  use  of an automatj-c p l o t t e r  (Stromberg-Carlson 4 0 2 0 ) .  
Also,  only by t h i s  means i s  i t  p o s s i b l e  t o  draw t h o s e  long-period 
and sometimes r a t h e r  complicated graphs ,  which t h e  r e a d e r  encoun
te rs  i n  t h i s  r e p o r t .  

PREPARATORY INFORMAT I O N  

Model Data and Method of Computation 

The problem under s tudy  i s  t h e  r e s t r i c t e d  problem of t h r e e  
bodies ,  t h e  masses of  two of which r evo lve  about each o t h e r  i n  
c i r c u l a r  pa ths .  The t h i r d ,  massless, body i s  assumed t o  move co
p l a n a r  wi th  t h e  two masses. The m a s s  r a t i o  between t h e  sma l l e r  
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mass (Moon I'M'') and the larger mass (Earth "E") is chosen 1/79,

resulting in the value of 1/80 for the mass parameter p. 


In computation as well as when referring to collisions, the 

masses are consistently considered strictly point-masses. Not

withstanding, some of the graphs show the physical size of the 

Moon in true relationship to the scale. This serves just to bring

the size of the orbits, shown thereon, into the right perspective. 


The set of equations of motion is normalized 2nd regularized.

Normalization reduces certain parameters to unity, such as the 

gravitational constant, the sum of the two masses, the distance 

between them, and their rate of revolution about each other. It 
gives rise to the designation of 1-1 to the smaller mass and 1 - 1-1 
to the larger one. Normalization is a convenient means of reduc

ing to a unified scale problems that belong to the same type but 

have various magnitudes involved, as the Earth-Moon problem, sun-

planet problem, etc., but also the Kepler-problem. 


Regularization of the equations of motion is applied to facil
itate the calculation of the orbital paths through the singulari
ties that are represented by collisions with either mass. The 
method of regularization used is that of Arenstorf (ref. 2 ) .  

All orbit computation then is carried through in a stepwise

integration method of series type. For a description of the deck, 

see reference 1. 


All displays of orbits are given in the rotating (or "synodic")
coordinate system XR, YR where the XR-axis contains the locations 
of the two masses, the Earth's being at XR = -0.0125 and the Moon's 
at XR = +0 .9875 .  

Figure 1 depicts the geometry of the system indicating the 

relative size and location of Earth and Moon on the rotating XR


xe 1.00; YR 0.00 

XR * 0.00;YR VAFlIED 

( T O  SCALE) 

~ ~~ , . , I : % 4 I 
-0.05 0.05 095 

MOON 

EARTH 1 
INITIAL CONDITIONS AND GEOMETRIC RELATIONS 

FOR EARTH-MOON-FIELD ORBITS 

Figure 1 

axis and giving the initial conditions of the E-M orbits as XR = 
1.00, YR = 0.00 and XR = 0.00 and the axis-orthogonal component 
?R varied from the negative near-escape case to the positive one. 



... . . 

KEPLER ORBITS 

Since  r e f e r e n c e  1 f u r n i s h e s  a r a t h e r  elaborate i n t r o d u c t i o n  
t o  t h e  c h a r a c t e r i s t i c s  of  Kepler o r b i t s  as seen  from a r o t a t i n g  
coord ina te  system, no informat ion  of a g e n e r a l  n a t u r e  i s  in 
cluded he re .  

The series of Kepler o r b i t s  inc luded  h e r e  and se rv ing  as 
comparison t o  t h e  main-ser ies  i s  chosen so t h a t  i t s  i n i t i a l  p o i n t
i s  a t  XR = 1 . 0 1 2 5 ,  YR 0 . 0 ,  which i s  t h e  same d i s t a n c e  from t h e  
(only)  m a s s  as i s  t h e  i n i t i a l  p o i n t  of t h e  E - M - s e r i e s  from t h e  
l a r g e r  m a s s .  I ts  i n i t i a l  v e l o c i t y  i s  or thogonal  t o  t h e  XR-axis. 

Normalization app l i ed  t o  t h e  equa t ions  of t h e  Kepler prob
l e m  b r ings  t h i s  problem i n  comparative scale wi th  t h e  main prob
l e m .  

For reasons  of  u n i f i c a t i o n  of procedures ,  t h e  Kepler o r b i t s  
are computed by us ing  t h e  same r e g u l a r i z e d  deck t h a t  s e rves  f o r  
t h e  E-M-orbit computation. This  means t h a t  t h e  Kepler o r b i t s  are 
de r ived  by s tepwise  i n t e g r a t i o n .  This  s t r e a m l i n i n g  of procedures  
o f f e r s  t h e  bonus of easy  tes ts  f o r  computat ional  accuracy. 

The va lue  of "n" l i s t e d  wi th  m o s t  of t h e  Kepler o r b i t s  r e f e r s  
t o  t h e  mean-angular motion i n  r e s p e c t  t o  an i n e r t i a l  ( o r  "s ide
real")  system, 'In'' c a r r y i n g  a nega t ive  s i g n  i f  t h e  mean angular  
motion i s  r e t r o g r a d e ;  p o s i t i v e  i f  i t  i s  d i r e c t .  

E-M-ORBITS AND SYMMETRY PROPERTIES 

Since  a l l  o r b i t s  s t a r t  wi th  or thogonal  d e p a r t u r e s  from t h e  
XR-axis, a second or thogonal  c r o s s i n g  of t h i s  a x i s  i n s u r e s  t h a t  
t h e  o r b i t  i s  p e r i o d i c  i n  t h e  r o t a t i n g  r e f e r e n c e  frame. This  
fo l lows  from t h e  symmetry p r o p e r t i e s  of o r b i t s  of t h e  given prob
l e m  (see e .g . ,  Szebehely,  r e f .  3 ,  page 4 2 6 ) .  For c l a r i t y  of t h e  
i l l u s t r a t i o n ,  p e r i o d i c  o r b i t s  are f r e q u e n t l y  dep ic t ed  t o  only 
h a l f  of t h e  pe r iods .  There,  t h e  marking of t h e  c r o s s i n g  by means 
of  t h e  " r igh t - ang le  s i g n "  m a n i f e s t s  t h e  o r b i t ' s  p e r i o d i c  charac
te r .  

A l s o ,  because of t h e  symmetry p r o p e r t i e s  by r e f l e c t i o n  on 
t h e  XR-axis, a l l  o r b i t s  can be cont inued backwards ( o r  "upstream") 
of t h e  s t a r t i n g  p o i n t s ,  r e f l e c t i n g  t h e  downstream pa th  with re
versed  v e l o c i t y  a f t e r  r e f l e c t i o n .  This  i s  p a r t i c u l a r l y  important  
i n  regard  t o  a sea rch  f o r  so -ca l l ed  " f r e e  r e t u r n  t ra jector ies ,"  
i . e . ,  o r b i t s  t h a t  s t a r t  nea r  E a r t h ,  circumnavigate t h e  Moon, and 
r e t u r n  t o  Ea r th  wi thout  r e q u i r i n g  a t h r u s t  impulse.  Thus, a l l  
o r b i t s  of t h e  p r e s e n t  E - M - s e r i e s  t h a t  approach t h e  Ea r th  can 
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indeed be considered to be the return phase of free-return tra

jectories. 


Some E-M-orbits are marked by a "n*-value". This serves to 

point toward the structural similarity of the orbit to that 

Kepler-orbit that is annotated by the same value for its n-value. 


APPLICATIONS AND DIMENSIONING 


In cases where the information displayed here is used for 

determining flight modes of real E-M flights, due consideration 

must be given to the many simplifications imposed on the real 

world in representing the environment of these flights by the 

model of the restricted three-body problem. The most influential 

departures from the real world are brought about by ignoring the 

true shape of the orbits of the two masses about each other, the 

effects of Sun and other planets, and, for the orbital behavior 

near the masses, the effects of the body shape and inhomogeniety

(masscons) of the two masses. 


Due to these and other model deviations, the flights in a 

more realistic model deviate in many details from those repre

sented here, particularly involving matters of periodicity. What 

is retained, however, is the general topology and the course of 

structural developments from orbit to orbit. Since the exhibit 

of these is the primary concern of the survey graphs, especially

the group of twenty (Figures 6-25), reference to these is most 

helpful for real flight orbit selection and design. 


For this application, the data listed here are to be trans

formed from normalized to dimensioned data. This is carried out 

by multiplying the given data of distances, velocities, and time 

periods by the following factors: 


for distance, multiply by distance E-M (roughly 4 0 0  mega-
meter or 240 ,000  st. miles) 

for velocities, multiply by velocity of the moon (roughly
1.0 km/sec or 2 4 0 0  st. mph) 

for time, multiply by ratio of days in one lunar revolu
tion about Earth to IT (roughly 4.3 to give the time in 
days). 
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EARTH-MOON FIELD ORBITS:  S Y N O P S I S  I N  FOUR PARTS 


Figures  2-5 r e p r e s e n t  a ve ry  condensed s y n o p t i c a l  v i e w  of 
t h e  series of o r b i t s  desc r ibed  i n  t h e  body of t h i s  r e p o r t .  This  
synops is  g i v e s  a broad-brush r e p r e s e n t a t i o n  o f  t h e  major f e a t u r e s  
encountered i n  t h e  run of t h e  series and enab le s  a f i r s t  o r i e n t a 
t i o n  i n  case s o m e  p a r t i c u l a r  phase development i s  searched for .  

EARTH-MOON FIELD ORBITS 
YR YR 

t 

1-1.0 I 
FIRST OF FOUR-PART SYNOPSIS SECOND OF FOUR PART SYNOpSlS
DF EARTH MOON FIELD ORBITS OF EARTH MOON FIELD ORBITS - -2.750 d Y, (T*O)d-1.366 -1.3645 d 9~ (T.0) 5 +1.3300 
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With o r b i t  ''E1' of  t h i s  f i g u r e ,  a p a r t i c u l a r  development i s  
s t a r t i n g  t h a t  i s  s i g n i f i e d  by t h e  formation of a loop i n  t h e  
neighborhood of t h e  Moon. The development i s  c a r r i e d  through on 
t h e  following graph. 

Figure 3 shows t h e  increas ing  r e t e n t i o n  of o r b i t s  by t h e  
Moon's g r a v i t y  leading f i n a l l y  t o  those o r b i t s  t h a t  a r e  confined 
t o  t h e  Moon's neighborhood. A l l  o r b i t s  t h a t  a r e  of t h e  type of 
l una r  s a t e l l i t e  o r b i t s  a r e  found between t h e  o r b i t s  marked "H" 
and "I". 

EARTH-MOON FIELD ORBITS 

THIRD OF FOUR-PART SYNOPSI 
OF EARTH-MOON-FI 

1.34510 ?; Y R  (T.0) ?; 1.40605 

Figure 4 


The t h i r d  graph of t h i s  group, 
t i o n  of t h e  motion about t h e  Earth 
progressing t o  o r b i t  "K". The move 
noted with these  o r b i t s  i s  reversed 
o r b i t  "L" t o  o r b i t  "M" .  

I I 

FOURTH~OFFOUR-PART SYyOPSlS 
OF EARTH-MOON-FIELD Oh0ITS 

I 
~ 

1.414 ?; Y R  (T.0) 5 1.449 1 
Figure 5 

Figure 4 ,  shows t h e  resump
s t a r t i n g  with o r b i t  "J" and 

away from t h e  Earth which i s  
with t h e  o r b i t s  following a s  

I n  t h e  sequence of o r b i t s  "N", "0" and "Pl' t h e  r e t u r n  t o  
re t rograde  mean motion about t h e  Earth can be recognized. A l l  
o r b i t s  of t h i s  graph pass  i n  f r o n t  of t h e  Moon. 

With t h e  group of o r b i t s  on Figure 5 then ,  t h e  i n i t i a l  velo
c i t i e s  a r e  l a r g e  enough t h a t  t h e  o r b i t s  approach p a t t e r n s  of Kep
ler o r b i t s  again.  Apogees show increas ing  r a d i a l  d i s t ances  and 
t h e  o r b i t a l  per iods inc rease  a s  manifested by t h e  forward move
ment of t h e  per igee  loops "T" ,  "U", "V". The l a s t  o r b i t  ("W") i s  
c l o s e  t o  t h e  upper boundary of bounded t r a j e c t o r i e s .  

With t h i s  o r b i t ,  t h e  four -par t  synopsis i s  concluded. 
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TWENTY SURVEY GRAPHS O F  THE E-M-SERIES W I T H  SIX SURVEY GRAPHS 

O F  THE KEPLER SERIES 

The o r b i t s  of  t h e  twenty survey graphs  of  t h e  E - M - s e r i e s  are 
s e l e c t e d  and grouped wi th  t h e  purpose of g iv ing  i n s i g h t  i n t o  t h e  
development of  t h e  va r ious  format ions  encountered i n  t h e  course  
of p rogres s ion .  

Hence, a r e a d e r  p r i m a r i l y  i n t e r e s t e d  i n  t h e  s tudy  of develop
ments i s  b e t t e r  served by t h e s e  survey graphs than  by t h e  i n d i v i 
dua l  o r b i t s  o f  t h e  succeeding chap te r .  H o w e v e r ,  t h e  emphasis on 
l u c i d i t y  h e r e  excludes t h e  d i s p l a y  of  o r b i t s  t o  any cons ide rab le  
l eng th  of  o r b i t a l  pe r iod .  This  i s  why many i n t e r e s t i n g  o r b i t s  
w i l l  n o t  be recognized i n  t h e  survey graphs.  

There are ,  on t h e  o t h e r  hand, t h o s e  o r b i t s  t h a t  c o n t r i b u t e  
border  cases between classes of o r b i t s ,  as between d i r e c t  and 
r e t r o g r a d e  o r b i t s  o r  between o r b i t s  about  t h e  Moon and o r b i t s  
about  bo th  Ea r th  and Moon. A s  f a r  as t h e s e  bordercase  o r b i t s  are 
concerned i n  t h e  p rogres s ion  o f  t h e  series, t h e i r  p l a c e  and s i g n i 
f i c a n c e  are given due mention i n  t h i s  chap te r .  

Concurrent ly  wi th  t h e  twenty survey graphs of t h e  E - M - s e r i e s ,  
survey graphs of Kepler o r b i t s  are p resen ted .  The r e l a t i v e l y  
smaller number of  development phases  e x i s t i n g  i n  t h e  Kepler series 
allows rende r ing  of  t h e  Kepler series i n  s i x  graphs.  The primary 
purpose of i t s  i n c l u s i o n  i s  t o  provide  a ready means of  comparing 
t h e  t w o  series and thereby  accord exp lana t ions  for v a r i o u s  f e a 
t u r e s  observable  i n  t h e  E - M - s e r i e s .  

For completeness,  however, t h e  Kepler series i s  a l s o  c a r r i e d  
through where a semblance of  t h e  two series i s  1a.cking. 

The l i m i t s  of t h e  Kepler series p r e s e n t a t i o n  are t h e  l i m i t s  
o f  e l l i p t i c a l  motion, i . e . ,  t h e  r e t r o g r a d e  and t h e  d i r e c t  para
b o l i c  o r b i t ,  t h e  sense  of  motion be ing  understood i n  r e f e r e n c e  
t o  an i n e r t i a l  frame. 

The d i s c u s s i o n  of t h e  E-M series,  t h e n ,  i s  l i m i t e d  t o  t h e  
range t h a t  can be set i n  p a r a l l e l  t o  t h e  range of e l l i p t i c a l  Kep
le r  o r b i t s .  This  ex tens ion  proves adequate  s i n c e  t h e  semblance of 
t h e  t w o  series o u t s i d e  t h e  chosen boundaries  i s  q u i t e  good. 

D i rec t ion  of  both series p rogres s ions  i s  from t h e  l o w e s t  
nega t ive  i n i t i a l  v e l o c i t y  YR upwards. 

The f i r s t  graph of t h e  E - M - s e r i e s  (F igure  6 )  shows t h e  group 
of o r b i t s  t h a t  covers  t h e  range f r o m  t h e  l o w e r  l i m i t  o f  t h e  series 
t o  t h e  o r b i t  t h a t  c o l l i d e s  wi th  t h e  Ea r th .  The development of 
t h i s  group i s  q u i t e  r e g u l a r  i n s o f a r  as d i s t a n c e s  from t h e  E a r t h  
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Figure 6 Figure 7 

decrease c o n s i s t e n t l y  u n t i l  t h e  c o l l i s i o n  o r b i t  i s  reached. 1n.i
t i a l  v e l o c i t y  of t h e  c o l l i s i o n  o r b i t  i s  - 1 . 7 9 5 ,  expressed i n  nor
malized u n i t s .  

A po in t  of s ign i f i cance  a t tached  t o  t h i s  c o l l i s i o n  o r b i t  i s  
i t s  r o l e  a s  c e n t r a l  o r b i t  f o r  a region of f lyby  o r b i t s  t h a t  may 
serve  t h e  p r a c t i c a l  i n t e r e s t s  of E-M f l i g h t s .  By v i r t u e  of t h e  
orthogonal c ross ings  of t h e  XR-axis behind t h e  Moon, a l l  f lyby 
o r b i t s  i n  t h e  cu r ren t  series a r e  r e t u r n  branches of symmetrical 
f r ee - r e tu rn  o r b i t s .  

The series i s  continued on Figure 7 with t h e  c o l l i s i o n  o r b i t  
repeated.  T h i s  o r b i t  r ep resen t s  t h e  t r a n s i t i o n  from re t rograde  
t o  d i r e c t  mean-angular motion about t h e  Earth.  This t r a n s i t i o n  
holds f o r  t h e  s i d e r e a l  re ference  frame as w e l l  as t h e  synodic. 
The development wi th in  t h i s  group i n  Figure 7 may be cha rac t e r i 
zed by t h e  inc rease  i n  per igee  d i s t ance  and t h e  decrease of t h e  
apogee loops.  

Figures  8 and 9 ,  are t h e  f i r s t  two graphs of t h e  Kepler
series, evidencing a good s i m i l a r i t y  t o  t h e i r  E-M-counterparts. 
Some o r b i t s  here  a r e  l a b e l l e d  f o r  easy re ference .  Orb i t  "A" i s  
t h e  exac t  pa rabo l i c  o r b i t  of i n e r t i a l l y  r e t rog rade  d i r e c t i o n .  The 
o r b i t  "C", t h a t  c o l l i d e s  with t h e  mass, r ep resen t s  i n  t h e  i n e r t i a l  
frame t h e  r e c t i l i n e a r  o r b i t  which a f t e r  c o l l i s i o n  bounces back t o  
i t s  o r i g i n .  The t r a n s i t i o n  between oppos i te  d i r e c t i o n s  of mean-
o r b i t a l  motion occurs  only once i f  t h e  o r b i t s  are viewed 
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i n  t h e  i n e r t i a l  system. For t h e  v i e w e r  r o t a t i n g  w i t h  t h e  synodic  
system, a very  i n t e r e s t i n g  r e t u r n  t o  t h e  r e t r o g r a d e  motion unfo lds  
l a te r  i n  t h e  Kepler series. With t h e  E - M - s e r i e s ,  t h e  mean-motion 
behavior  i s  more complicated.  

Before l e a v i n g  t h e  graphs of  t h e  Kepler  o r b i t s ,  it may be 
observed f o r  l a te r  r e f e r e n c e  t h a t  t h e  loops  caused by t h e  slow
down of o r b i t a l  speed around t h e  apogee p o i n t s  are dec reas ing  i n  
ex tens ion  wi th  p rogres s ion  of t h e  series. 

From he re  on, comparabi l i ty  between t h e  t w o  series does n o t  
e x i s t  f o r  a l a r g e r  p o r t i o n  of t h e  series. 

The two subsequent E - M - s e r i e s  g raphs ,  F igu res  1 0  and 11, i n  
conjunct ion  wi th  t h e  former E-M graph,  F igure  7 ,  reveal a s i g n i 
f i c a n t  motion as f a r  as  t h e  p e r i g e e  p o i n t s  of  o r b i t s  are con
cerned.  Pe r igees  success ive ly  move away, advance toward, and 
aga in  move away from t h e  Ear th .  This  o s c i l l a t i n g  p e r i g e e  t rave l  
shows up aga in  l a t e r  i n  t h e  series.  

When advancing toward t h e  E a r t h ,  t h e  o r b i t s  do n o t  approach 
t h e  Ea r th  c l o s e r  than  shown on Figure  1 0 .  A t  t h i s  p o i n t ,  it may 
be worthwhile t o  mention t h a t  t h e r e  i s  no second "simple" Ea r th  
c o l l i s i o n  case i n  t h e  E - M - s e r i e s ,  b u t  q u i t e  a number of o r b i t s  
which show Ear th  c o l l i s i o n s  on t h e  second o r  l a t e r  i . e . ,  

KEPLER ORBITS 
SURVEY GRAPHS 

t'" 


2.0--
XR 

1 I 
Ii 

KEPLER ORBITS 
SURVEY GRAPH # I SURVEY GRAPH +2  

-2.41796 5 ' i~5 -1.01250 I I -1.01250 SUR S -0.10978 

Figure 8 Figure 9 
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I 

I N I T I A L  V E L & I T Y E Y R ~ F R O M  -1.3645TO-1.364,  

Figure 10 Figure 1 1  

after the orbits first had a close lunar flyby. 


Returning to the current graphs (Figures 10 and ll), it is 

important to notice that the oscillatory perigee behavior is coin

ciding with the formation and growth of a loop structure in the 

field of the Moon. On Figure 11 this loop structure is expanding

into the lower half of the plane. 


The significance of this formation is becoming clear on Fig

ure 12. Within the progression represented on this graph, the 

orbits undergo the transition from those that move in the E-M

field to those that move in the Moon-field only. (The reference 

to the "Moon-field" is rather loose here. Its extent is deter

mined preferably from the orbital motion about the Moon.) 


The transition stretches out over a finite velocity range

and produces a number of interesting and significant periodic

orbits that are depicted in the chapter of individual orbits.(See

Figures 180, 184-187, 195 and others.) 


On the following three graphs (Figures 13-15), concern is 

given to the presentation of the orbits whose motion is confined 

to the Moon's field. Essentially the development consists of a 

steady shrinking of the orbits to a minimum and a subsequent

expansion. In the course of the contracting phase, the orbits 

assume more and more the shapes of ellipses. This is particular

ly true after the development has passed through the near
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I N I T I A L  VELOCITY YR FROM -1.351 TO -1.013 

Figure 13 

c i r c u l a r  o r b i t  shown on Figure  1 4  as t h e  f i r s t  one of  t h e  group. 
I n  t h e  succeeding chap te r  where t h e s e  o r b i t s  are shown f o r  longer
t i m e  p e r i o d s ,  it i s  demonstrated t h a t  t h e  o r b i t s  indeed fo l low 
c l o s e l y  Kepler ian laws with  r e s p e c t  t o  an i n e r t i a l  system and wi th  
t h e  Moon as t h e  c e n t r a l  body. The motion of  t h e  synodic coordin
a te  system then  makes i t s e l f  apparent  i n  a r o t a t i o n a l  p rogres s ion  
of t h e  o r b i t s .  This  motion does n o t  c o m e  t o  l i g h t  w i th in  t h e  
s h o r t  pe r iods  f o r  which t h e  o r b i t s  are shown on F igure  1 4 .  

I t  i s  r e l e v a n t  t o  n o t i c e  on F igure  1 4  t h a t  t h e  o r b i t  of  zero 
i n i t i a l  v e l o c i t y  i s  very nea r  t o  t h e  o r b i t  t h a t  c o l l i d e s  wi th  t h e  
Moon, t h i s  body, of  course ,  cons idered  as a point-mass. This  coin
cidence does n o t  hold i f  t h e  o r b i t s  are s t a r t e d  from l a r g e r  i n i t 
i a l  XR-values (See r e f e r e n c e  1). 

Furthermore,  a t t e n t i o n  i s  drawn t o  t h e  f a c t  t h a t  t h e  l u n a r  
c o l l i s i o n  o r b i t  r e p r e s e n t s  t h e  d i v i d i n g  o r b i t  between r e t r o g r a d e  
and d i r e c t  angular  motion about t h e  Moon. The mean-angular motion 
about t h e  E a r t h ,  however, does n o t  a l te r  a t  t h i s  p o i n t  i n  t h e  
series. 

The l a s t  o r b i t  on F igure  1 4  corresponds aga in  t o  a near-
c i r c u l a r  pa th  about  t h e  Moon, t h i s  t i m e  w i th  p o s i t i v e  mean-angular 
motion. The development of t h e  series p a s t  t h i s  c i r c u l a r  case i s  
i l l u s t r a t e d  on Figure  15  which shows t h a t  t h e  o r b i t s  reach  out  
i n c r e a s i n g l y  toward t h e  Ear th .  The l a s t  o r b i t  he re  is a p e r i o d i c  
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and somewhat t r i a n g u l a r  one. 
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--Y 

XR 

ON 

Looking back a t  t h e  v e l o c i t y  range passed through,  dur ing  
t h e  phase of t h e  l u n a r  s a t e l l i t e  o r b i t s ,  one recognizes  t h a t  from 
Figure  1 3  t o  F igu re  15 ,  n e a r l y  t w o  u n i t s  of t h e  normalized velo
c i t y  coord ina te  are involved which i s  approximately h a l f  of t h e  
f u l l  v e l o c i t y  range covered i n  t h e  series. 

What folJows on Figure  1 6  i s  a s h o r t  and tenuous phase of 
t r a n s i t i o n  between t h e  l u n a r  s a t e l l i t e  o r b i t s  and t h e  o r b i t s  i n  
t h e  g e n e r a l  E-M f i e l d .  The e x a c t  b o r d e r l i n e  i s  manifested i n  an 
o r b i t  t h a t  l i es  q u i t e  c l o s e  t o  t h e  o r b i t  numbered "4" and corres
ponds t o  an asymptot ic  p e r i o d i c  o r b i t  about t h e  c i s - l u n a r  e q u i l i 
brium p o i n t .  

The t h r e e  subsequent  survey graphs (F igu res  17-19)  are b e s t  
s t u d i e d  as a u n i t  s i n c e  t o g e t h e r  they  r e v e a l  a second occurrence 
of  t h e  v a c i l l a t o r y  p e r i g e e  behavior  observed b e f o r e  on F igu res  7 ,  
1 0 ,  and 11. H e r e  aga in  t h e  o r b i t s  s t a y  away f r o m  t h e  Ea r th  by a 
f i n i t e  minimum d i s t a n c e .  A l s o ,  t h e  development phase i s  aga in  
connected wi th  a s p e c i a l  loop formation nea r  t h e  Moon. The t r a n s 
i t i o n  t h a t  i s  foreboded by t h e  loop formation h e r e  i s  t h e  change 
f r o m  t h e  d i r e c t  mean-angular motion about t h e  E a r t h  t o  t h e  retro
grade  d i r e c t i o n .  
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Figure 16 Figure 17 

This  t r a n s i t i o n  i s  t ak ing  p l a c e  w i t h i n  t h e  phase d i sp layed  
on Figure 2 0 .  The t h r e s h o l d  o r b i t  i s  a p e r i o d i c  o r b i t  about  t h e  
Moon which i s  c h a r a c t e r i z e d  by t h e  f a c t  t h a t  i t  e x h i b i t s  two b i g  
''ear lobes ' '  l e ad ing  and t r a i l i n g  t h e  Moon. (For t h e  t h r e s h o l d  
o r b i t ,  see Figure  310 i n  t h e  succeeding chapter!)  

O n  F igure  2 1 ,  a c o n s i s t e n t  group of  o r b i t s  of  r e t r o g r a d e  
motion about t h e  Ea r th  i s  d i sp layed .  

A t  t h i s  p o i n t  i n  t h e  p rogres s ion  w e  might resume t h e  refer
ence  t o  Kepler o r b i t s  and show t h e  con t inua t ion  of  t h e  p rogres s ion  
i n t e r r u p t e d  wi th  F igure  9 .  This p o i n t  i s  an opportune one, s i n c e  
t h e  Kepler series also undergoes a change i n  t h e  d i r e c t i o n  of t h e  
mean angular  motion. This  can be s t u d i e d  on F igu res  2 2  and 23. 

The c o n t i n u i t y  of t h e  f i r s t  o r b i t  on F igure  2 2 ,  i . e . ,  o r b i t  
"F" wi th  t h e  group of Kepler o r b i t s  on F igu re  9 ,  i s  w e l l  recogniz
a b l e .  The development from he re  on invo lves  o r b i t s  w i th  loops 
t h a t  dec rease  i n  s i z e  and succeed each o t h e r  i n  s h o r t e r  i n t e r v a l s .  

An en larged  view of  what fo l lows  i n  t h e  s e r i a l  p rogres s ion  
i s  given on t h e  next  graph (Figure 2 3 ) .  O r b i t  "I" i s  t h e  l a s t  
example s e l e c t e d  of t h e  group of  o r b i t s  wi th  d i r e c t  mean motion 
r e l a t i v e  t o  t h e  synodic  coord ina te  system. O r b i t  " K "  i s  an o r b i t  
wi th  r e t r o g r a d e  mean motion. I n  between i s  t h e  unique o r b i t  "J" 
which i s  s t a t i o n a r y  i n  t h e  synodic system and p e r i o d i c  wi th  i t s  
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Figure 18 Figure 19 

per iod  2 7 ~  equal  t o  t h a t  of t h e  synodic system r e l a t i v e  t o  t h e  
s i d e r e a l  one. This  o r b i t  i s  t h e  l i m i t  between forward and r e t r o 
grade mean motion. 

The evo lu t ion  of t h e  Kepler o r b i t s  s h o r t l y  a f t e r  passage t o  
t h e  r e t r o g r a d e  d i r e c t i o n  i s  po in ted  o u t  by t h e  t h r e e  o r b i t  ex
amples ' I K " ,  "L", and "M" on Figure  23. Dis tances  between success
i v e  loops i n c r e a s e  aga in .  On t h e  o t h e r  hand, t h e  shr inkage  of 
t h e  loops cont inues .  This  l a t t e r  process  i s  completed wi th  t h e  
a r r i v a l  of t h e  o r b i t  l a b e l e d  "L",which i s  a cusping o r b i t .  B e 
t w e e n  t h i s  o r b i t  and o r b i t  I'M" of t h i s  f i g u r e ,  a l l  secondary 
o s c i l l a t i o n s  fade  away. O r b i t  "M" i s  an o r b i t  of c i r c u l a r  motion 
about t h e  m a s s ,  t h e  second one of t h e  Kepler series.  With r e s p e c t  
t o  an i n e r t i a l  coo rd ina te  system, t h i s  c i r c u l a r  o r b i t  i s  of pos i 
t i v e  mean angular  motion. 

The r eade r  i s  r e f e r r e d  back now t o  t h e  E - M - s e r i e s  which i s  
cont inued i n  F igu res  2 4  and 25. The p rocess  t h a t  unfolds  w i t h i n  
t h e  progress ion  o f  o r b i t s  on t h e s e  t w o  f i g u r e s  i s  t h a t  of f u r t h e r  
e x t r i c a t i o n  of t h e  o r b i t s  from t h e  l u n a r  a t t r a c t i o n .  With t h e  
l a s t  o r b i t  on F igure  2 5  t h e  process  i s  completed. 

What i s  no t  shown h e r e ,  i s  a s h o r t - l i v e d  r e t u r n  of  t h e  o r b i t s  
t o  d i r e c t  mean motion about  t h e  Ear th .  This  phase and i t s  t w o  
p e r i o d i c  border ing  o r b i t s  may be s t u d i e d  i n  t h e  nex t  chap te r  on 
F igu res  319 through 328. 
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The succeeding orbit group (on Figure 26) reveals a consis

tent progress in a fashion that is expected. The increasing 

radial extension implies the growing apogee radius, and the success

ively later appearing perigee loops point toward the increasing

orbit period. 
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Figure 24 Figure 25 

The group of o r b i t s  on F igure  2 7  may be looked upon r a t h e r  
as an i n t e r l u d e  than  a t y p i c a l  s t e p  i n  t h e  progress ion .  T h e r e  i s  
a minute v e l o c i t y  p rogres s ion  connected wi th  t h e  t o t a l  group. 
H e r e ,  t h e  o r b i t s  are aga in  "caught"  by t h e  Moon and t h e i r  course 
a f t e r  f lyby  i s  d e f l e c t e d  t o  gene ra t e  t h e  p a t t e r n  i n  t h e  E a r t h ' s  
f i e l d  as demonstrated on t h i s  f i g u r e .  

On Figure  28, t h e  c o n s i s t e n t  p a t t e r n  of growth s t a r t e d  on 
F igu re  2 6  i s  resumed. The development " i n  t h e  la rge ' '  from h e r e  
on i s  r a t h e r  p r e d i c t a b l e ,  though s p e c i f i c  " i n t e r l u d e s "  of t h e  
n a t u r e  shown on Figure  2 7  are i n t e r s p e r s e d .  

The expanding p a t t e r n  of  s p i r a l s  i s  exempl i f ied  by a number 
of o r b i t s  on t h e  l a s t  graph of  t h e  E - M - s e r i e s .  (F igure  2 9 )  The 
l a s t  of t h e s e  o r b i t s  i s  i n  t h e  neighborhood of an escape o r b i t .  

F igu res  30 and 31 conclude t h e  series of Kepler o r b i t s .  The 
group on Figure  30 starts o u t  wi th  t h e  
i s  i d e n t i c a l  t o  o r b i t  "M" on Figure  23. 
l a r  one i n  a sense  r e v e r s e  t h e  p a t t e r n  
i n  approaching t h e  c i r c u l a r ,  s i n c e  now 

c i r c u l a r  o r b i t  "N" which 
O r b i t s  beyond t h e  c i r c u 

sequence t h a t  w a s  followed 
o r b i t s  are aga in  bu i ld ing -

up t h e  "secondary" format ions  as: i n d e n t a t i o n s ,  cusp,  and then  
i n c r e a s i n g  loops.  A l s o ,  t h e  angular  spac ing  of t h e  loops ,  i . e . ,  
of p e r i g e e  occurrences ,  i n c r e a s e s  wi th  t h e  series progress ion  a s  
n o t i c e a b l e  on t h e  sequence l a b e l l e d  "0" t o  " S " .  



EARTH-MOON F I E L D  ORBITS 
SURVEY GRAPHS 

YR ,‘R 
Z.0

3-.

bE A R T H  

E A R T H  MOON F I E L D  O R B I T S  E A R T H  MOON F I E L D  ORBITS 

S U R V E Y  GRAPH #I7  R V E Y  G R A P H  # I8  
I N I T I A L  VELOCITY YR FROM 1.423 TO 1.444 I N I T I A L  V E L O C I T Y  YR FROM 1.4459 TO 1.4461 

Figure 26 Figure 27 

By v i r t u e  o f  t h i s  behavior ,  t h e  t r e n d  of  p a t t e r n s  of t h e  
Kepler series i s  toward growing semblance t o  t h o s e  of t h e  E-M
series. Comparabili ty - a t  l ea s t  as f a r  as t h e  ear l ie r  p a r t s  of 
t h e  o r b i t s  are concerned -be tween t h e  two series i s  r e v e a l i n g  
i t s e l f  w e l l  i n  t h e  l a s t  graph of each series (F igures  31 and 2 9 ) .  
The o r b i t s  t h a t  t e r m i n a t e  t h e  E - M - s e r i e s  (on F igure  2 9 )  w e r e  
s e l e c t e d  t o  demonstrate a behavior  s i m i l a r  t o  t h e  l a s t  one of t h e  
Kepler series (F igure  31), which i s ,  i n  f a c t ,  t h e  i n e r t i a l l y 
p o s i t i v e  branch of  t h e  p a r a b o l i c  o r b i t .  
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EARTH-MOON F I E L D  ORBITS 
SURVEY GRAPHS 

YR 

E A R T H  M O O N  F I E L D  O R B I T S  I E A R T H  MOON F I E L D  O R B I T S  1 
S U R V E Y  G R A P H  # 19 S U R V E Y  G R A P H  # 2 0IT O  1 . 5 2I N I T I A L V E L O C I T Y  9~ F R O M  1.446 TO 1 . 4 5 4  I I N I T I A L  V E L O C I T Y  vR F R O M  1.46 

Figure 28 Figure 29 

KEPLER O R B I T S  
SURVEY GRAPHS 

W I F R  O R B I T S  P I  E R  O R B I T  

SURVEY G R A P H  + 5 
-0.01869 d OR 5 +0.08848 

Figure  30 Figure 31  

19 




I1 I1 I ,,,,,.,,.. .1.1...1..-. I ....... -.....-.- __ 

PFESENTATION O F  INDIVIDUAL O R B I T S  OF THE 
E-M-SERIES AND THE KEPLER S E R I E S  

The d e n s i t y  of sequencing t h e  o r b i t s  of t h e  t w o  series i n  
t h i s  chapter  i s ,  i n  gene ra l ,  s u f f i c i e n t  t o  l e t  t h e  developments 
of o r b i t a l  s t r u c t u r e s  be recognized wi thout  d i f f i c u l t y .  

Comments t o  t h e  f i g u r e s ,  t h e r e f o r e ,  are made only  a t  p l aces  
where e i t h e r  t h e  o r b i t a l  behavior s e e m s  t o  r e q u i r e  c l a r i f i c a t i o n  
o r  t h e  s i g n i f i c a n c e  of t h e  o r b i t a l  event  ca l l s  f o r  emphasis. 

EARTH-MOON F I E L D  O R B I T S  

E.M.ORBIT; n. = - 1/5 
$'~=-2.6564; P/2=15.00 $'~=-2.6333;P/2=11.79 

Figure 32 Figure 33 Figure 34 

KEPLER ORBITS 

AYR AYR 

$'~=-2.2688; P/2= 12.57 

$'~=-2.4180 

Figure 35 Figure 36 Figure 37 
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EARTH-MOON F I E L D  O R B I T S  

R 

I 
E.M. ORBIT; PERIODICI 

E.M.ORBIT; n * = - 2 / 5  ?~=-2 .5355;P/2=11.53 

? ~ = - 2 . 5 7 6 8 ;P/2*14.71 

Figure 38 Figure 39 Figure 40 


=-25000.  P/2= I4 59 

Figure 41 Figure 42 

KEPLER O R B I T S  

A ~ R  i R  

? ~ = - 2 . 2 3 5 0 ;  P / 2 = 9 . 4 3  	 :RER 
t=-2.1 

Figure 43 Figure 44 Figure 45 
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EARTH-MOON F I E L D  O R B I T S  


E.M. ORBIT; n* = - 3/5  E.M.ORBIT; n. = - 2 / 3  E.M.ORBIT; PERIODIC 

UR=-2 .4534;  P/2= 12.24 YRX- 2.4441 ;P/2 = 7.656 ? ~ = - 2 . 4 3 6 0 ;P/2 = 13.68 

F i g u r e  46 F i g u r e  47 F igure  48 

KEPLER ORBITS 

KEPLER ORBIT; n = - 315 KEPLER ORBIT; n *-2/3 

P/2=15.71 
UR=-2.1135; P/2*  9.425

$'~~.-2.1367; 

Figure 49 Figure 50 
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EARTH-MOON FIELD ORBITS 


-I 

E.M. ORBIT; PERIODIC E M.ORBIT; PERIODIC E.M ORBIT 

YR = - 2 . 4 3 4 7 3 9  ; P / 2 ' 6 . 7 0 4  Y ~ = - 2 4 3 4 7 3 5 ;P/2= 7.176 YR=-2 4 3 4 5 5  ; TREF= 6 . 6 4 2  


Figure 51 F igure  52  Figure 53 

E M  ORBIT, COLLISION WITH EARTH E M  ORBIT 

YR = - 2  4 3 4 4 8 ,  TmL=6 626 Y ~ = - 2 4 3 4 4 4 ,TREF=6617 


Figure  54 F igure  55 

The development on Figures 51 to 59 reappears several times 
in the progression, modified or reversed. The essential features 
are: approach to the Moon as shown in the dashed orbitai portion
of Figure 51 with deflection of the downstream path toward the 
Earth; periodic orbits in Figures 51 and 52,  the half-period
marked by the orthogonal crossings of the XR-axis; development of 
Earth collision shown on Figure 54 ,  with two neighboring close 
Earth-flybys in opposing directions (Figures 53 and 5 5 ) ,  develop
ment of collision with the Moon, occurring on Figure 57 with close 
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EARTH-MOON FIELD ORBITS 


tY" 


t 

/--X R_ -

E M ORBIT; FLYBY DISTANCE 2 x I O - ~  
YR=-24335,  T ~ ~ y s y=6 185 . 

Figure 58 

neighboring o r b i t s  circumnavigating 
t i o n s  (F igures  56 and 5 8 ) .  F igure  
t i o n s  as F igure  58, b u t  t h e  pe r iod  
20  u n i t s  compared t o  about 6 u n i t s  

E.M. ORBIT; COLLISION WITH MOON 
YR=-2.43366 ; TcoLL' 6.189 

Figure 57 

I" 

E M ORBIT 

YR=-2.4335i T ~ ~ ~ ' 2 0 . 0 0  


Figure 59 

t h e  Moon i n  oppos i t e  d i r e c 
59 shows t h e  same o r b i t  condi
of t h e  o r b i t  i s  extended t o  
on t h e  former o r b i t .  (The h i s 

t o r y  of t h e  i n i t i a l  movement i s  b l o t t e d  o u t  h e r e . )  F igure  59 
shows t h e  e f fec t  of t h e  c l o s e  l u n a r  f lyby .  The development, en
countered he re  t h e  f i rs t  t i m e ,  i s  i l l u s t r a t e d  on Figures  76 
through 84 i n  i t s  clearest  form. 
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EARTH-MOON F I E L D  O R B I T S  

t yR I yR 

E.M. ORBIT ; PERIODIC 
YR=-2 .4322;  P /2=1130 

E M ORBIT ; PERIODIC 
'yR -- -2 ,4301i P/2 =6.106 

Figure 60 Figure 61 


t 

E M  ORBIT; PERIODIC 
YR =-241203.  P/2 = IO I 6  

E M. ORBIT; PERIODIC 
YR=-2.4187 ; P / 2 = 5 . 5 7 6  

Figure 63 Figure 64 


E.M. ORBIT; PERIODIC 
Y ~ z - 24232 ; P/2 = 10.15 

Figure 62 


It'"

I I 

E.M. ORBIT; COLLISION WITH MOON 
Y~=-2 .41161;T c o ~ ~ ' 4 7 7 1  

Figure 65 
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EARTH-MOON FIELD ORBITS 


I 0.
/
‘.--/’ .- /’ 


I I 

I 1 1 


E M ORBIT E M  ORBIT 
-11
UR =-2 41156 I-


E.M ORBIT 
’?R =-2.411525 

Figure 66 Figure 67 Figure 68 


KEPLER O R B I T S  

KEPLER ORBIT, n = - 3 / 4  KEPLER ORBIT, n = - 4 / 5  


+ ~ = - 2  P/2= 1571 
0 8 4 0 ,  P /2  = 12 5 7  Y ~ = - 2 0 6 7 7 .  


Figure 69 Figure 70 
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EARTH-MOON FIELD ORBITS 


I!" 

I I 

I 

I 
E.M. ORBIT 
Y~' -2.41150 

Figure 71 


d'"
I 

E.M. ORBIT ; PERIODIC 
Y ~ . - 2 . 4 1 1 3 6 ;  P/2. 1.181 

Figure 72 


Comments t o  F igu res  7 1  t o  7 3  

The s m a l l e r  of t h e  t h r e e  loops of t h e  o r b i t  on F igure  7 1  
expands wi th  p rogres s ion  of t h e  series and all t h r e e  loops  then  
c o l l a p s e  i n t o  a s i n g l e  loop ,  which i s  dep ic t ed  on F igu re  7 2 .  
This  i s  t h e  only  f i g u r e  i n  t h e  E - M - s e r i e s  t h a t  can be set  oppo
s i t e  t o  t h e  ( i n e r t i a l l y  nega t ive )  c i r c u l a r  o r b i t  of t h e  Kepler 
series (F igure  7 3 ) .  

KEPLER O R B I T S  

KEPLER ORBIT; CIRCULAR (NEGATIVE) KEPLER ORBIT; n = - 1  
Y~. -2 .0063;P/2 * 1.585 Y ~ = - 2 . 0 0 0 1; P/2=3 .142  

Figure 73 Figure 74 
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EARTH-MOON FIELD ORBITS 

k 


E.M. ORBIT E.M ORBIT; PERIODIC E.M. ORBIT COLLISION' WITH EARTH 
YR=- 2 4 100 UR -2.4089 , P/2 = 2.846 Y R = - 2 . 4 0 7 6 2  ; TCOLL. 2.762 

Figure 7 5  Figure 76 Figure 77 

R 

I t  yR

I I 

= -I 

E M ORBIT E M ORBIT L 
YR=-Z 4 0 7 4 0  UR = - 2  4 0 7 0  EM.  ORBIT 

Y R = - 2 4 0 6 5  

Figure 78 Figure 79 Figure 8) 

Comments t o  F igu res  76 t o  84  

On Figures  76 t o  84 t h e  development (d i scussed  e a r l i e r )  i n 
volv ing  c o l l i s i o n s  wi th  E a r t h  and Moon w i t h i n  a c l o s e  i n t e r v a l  
of i n i t i a l  cond i t ions  i s  rendered i n  i t s  c l e a r e s t  f o r m .  Observe 
t h a t  t h e  o r b i t  of c o l l i s i o n  wi th  t h e  Moon (Figure  81) i s  repea ted  
w i t h  much longer ' t ime per iod  on F igure  8 2 .  While t h i s  o r b i t  i s  
n o t  i n v e s t i g a t e d  t o  determine whether it i s  of escaping type  o r  
bounded, t h e  o r b i t  on Figure 84  i s  inc luded  t o  show t h e  bounded
ness .  
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EARTH-MOON FIELD ORBITS 


E M. ORBIT; COLLISION WITH MOO+ 
Y ~ = - 2 . 4 0 6 0 4 ;T ~ L L -2.3346 

Figure 81 


IYR 

E.M.ORBIT , PERiODlC 
v ~ . - 2 . 4 0 0 0 3 6  ; P/2. 14.05 

Figure 84 


E.M. ORBIT; COLLISION WITH MOON 
UR *-2.40&4 ;TREF = 20.00 

Figure 82 


1" 


E.M ORBIT; PERIODIC 
? ~ ' - 2 3 6 3 1 4 ; P / 2 = 7 1 8 5  

Figure 85 


E.M. ORBIT 
UR. -2.40% 

Figure 83 


tyR 

E M  ORBIT, COLLISION WITH EARTH 
?R= - 2  3 5 9 3 7  ,TCOLL=6 6 9 7  

Figure 86 
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EARTH-MOON F I E L D  O R B I T S  

tyR 

E.M ORBIT; PERIODIC; n * * - 4 / 3  E.M. ORBIT; PERIODIC; n.=-3/2 E M  ORBIT, PE'RIODIC; n*-3/2 
Y ~ = - 2 . 3 5 3 0 0 ;P/2.10.20 Y ~ * - 2 . 3 4 6 8 6; P/2.7.153 YR*-2.34686; P/2'7.153 

Figure 87 Figure 88  Figure 89  

Comments to Figures 88 to 99 


Some of these orbits are shown with half period as well as 

full period to aid the perception of structural similarity of 

E-M-orbits with the corresponding Kepler orbits. 


IYR 

I 
KEPLER CUBIT; ni -413 
? ~ - 1 . 8 8 6 5 l; P/2 = 9.425 

Figure 90  

KEPLER O R B I T S  

I. 
-1' 

KEPLER ORBIT; n ' -3 /2  
Y ~ = - 1 . 8 2 7 9 4 ;P/2 '6.283 

Figure 91 

KEPLER ORBIT; n . - V 2  
v p 1 . 8 2 7 9 4  ;P/2.6.283 

Figure 92  
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EARTH-MOON FIELD ORBITS 


.YR tYR 

E.M. ORBIT; PERIODIC; n'-2/1 
YR.-2.32980; P/2 s 3 . 9 4 1  

E.M. ORBIT; PERIODIC; no=-211 E.M. ORBIT; PERIODIC; ;=-SI3 
YR--2.MCO; P/2.3.941 YR= -2,31667; P/2= 10.51 

Figure 9 3  Figure 94 Figure 95 

Comments to Figures 93 to 99 


Notice that both Figures 95 and 99 show orbits of the struc
ture of n* = - 5 / 3 ,  corresponding to the structure of the Kepler
orbit of commensurability n = -5/3 as depicted on Figure 96. The 
seuuence of these E-M-orbits with the E-M-orbit of n* = -2/1 on 
Fiiure 93 is reversed to that of the corresponding Kepler orbits 
on Figures 9 6  and 97. 

KEPLER ORBITS 


IYR 

q~m-1.76721;P/2 - 9 . 4 2 5  
KEPLER ORBIT; n * -2/1 KEPLER ORBIT; n=-2 /1  
YR'  -1.63532; P/2' 3.142 YR.-1.63532; P/2. 3.142 

Figure 96 Figure 97 Figure 98 
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EARTH-MOON F I E L D  O R B I T S  


-


E.M. ORBIT; PERIODIC ;no=-513 
Y~=- i?.2885l; P/2 * 10.24 

Figure 99 

E.Y.ORBIT; PERIODIC: n.= -713 
TR .-1.97935; P/2.9.575 

Figure 102 

E.M. ORBIT; PERiODlC 
Y~.-2.18550; P/2 = 6.73 

Figure 100 

E. Y. ORBIT; 

T,.-l.SlJO; TREF = 13.35 


Figure 103 

XR-

E.M. ORBIT; PERIODIC 
r ~ . - 2 . 1 4 0 0 9  ;P/2 = 9.828 

Figure 101 

tYR 

E.M. ORBIT; COLLISION WITH MOON 
TR--1.B730; TCOLL' 12.707 

Figure 104 

KEPLER ORBITS 


KEPLER ORBIT; n=-7/3 KEPLER ORBIT. n= -5 /2  
YR*-l 4 7 7 3 6  ;P/2= 9 4 2 5  YR=-1.37759; P / 2 = 6 . 2 8 3  

Figure 105 Figure 106 
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EARTH-MOON FIELD ORBITS 

t'" 

R 

I 

E.M.ORBIT; I E M. ORBIT; CLOSEST TO no =-5/2 E.M.ORBIT ; COLLISION WITH EARTH 
TR=-l.8600 y~'-1.8300; LUNAR PASSAGE TIME,  12.62 YR'-I 7 9 5 0  ;TIME OF FIRST COLLISION'0.7666 

Figure 107 Figure 108 Figure 109 

Figure 1 0 9  i s  t h e  case of t h e  o r b i t  c o l l i d i n g  with t h e  Ear th  
( t h i s  assumed t o  be a point-mass).  A f t e r  f i v e  c o l l i s i o n s  o r  near-
c o l l i s i o n s ,  t h e  o r b i t  r e t u r n s  t o  circumnavigate t h e  Moon (dashed 
cu rve ) .  The sequence i s  ind ica t ed  by t h e  numbers on t h e  loops. 

Since l u n a r  circumnavigation does no t  happen with or thogonal  
c ros s ing  of t h e  X R - a x i s ,  t h e  c o l l i s i o n  case i s  n o t  shown t o  be 
pe r iod ic .  The best approach t o  an or thogonal  c ros s ing  behind t h e  
Moon i s  obtained wi th  t h e  o r b i t  of Figure 1 0 8 .  On t h e  o t h e r  hand, 
a c o l l i s i o n  with t h e  Moon i s  encountered wi th  t h e  o r b i t  of Fig
u r e  1 0 4 .  

KEPLER O R B I T S  

KEPLER ORBIT; COLLISION KEPLER ORBIT; COLLISION 

Tu. -1.0125; TIME OF FIRST COLLlSlONB 1.132 TR.-1.0125; TIME OF FIRST COLLISIONS 1.132 


Figure 110 Figure 111 
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EARTH-MOON FIELD O R B I T S  

E.M.ORBIT; 

YR = -1.650 


Figure 112 


E.M.ORBIT; PERIODIC 


YR * -1 .60225;  P/2* 6.151 


Figure 114 


1L 


KEPLER ORBIT ; n = t 8 / 3  
lR' - 0 . 7 8 5 7 8 8 ;  P/2.9.425 

Figure 116 


E. M ORBIT; 

YR = -I 620 

Figure 113 

E.M. ORBIT; PERIODIC 


YR * -1.60225; P/2* 6.151 


Figure 115 

KEPLER O R B I T S  

I 


I 


KEPLER ORBIT; n. t 5 / 2  
lR.-0 .647407;  P / 2 . 6 2 8 3  

Figure 117 
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EARTH-MOON FIELD ORBITS 


t'" tyR 

E.M. ORBIT; E.M. ORBIT; E.M.ORBIT' ;  

YR = -1 ,5900;  T I~p .  15.00 yR. - I .JBBO y R  = -1 .5860  

Figure 118 Figure 119 Figure 120 

I 

E.M. ORBIT'; E.M. ORBIT; E.M.ORBIT; 

YR =-1.5840 YR - -1.5800 TR.-1.5700 

Figure 121 Figure 122 Figure 123 
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EARTH-MOON F I E L D  ORBITS 


4YR 
t'" 
4 II

f" I I  


I 


I 


-I 
*XR 'XR 

I

I 


E. M. ORBIT ; E.M. ORBIT ; E. Y. ORBIT; PERIODIC 

TR * -1.5600 TR = -1.5530 T R .  -1.55245; P/2 * 5.752 

Figure 124 Figure 125 Figure 126 


t'" l Y R  kyR 

-
C X R  

E. Y.  ORBIT; PERIODIC n E. Y. ORBIT ; E.Y.  ORBIT; 

TR .-1.54681 ; P/2 * 8.637 T R .  -1.5400 TR - - 1.5400 

Figure 127 Figure 128 Figure 129 
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EARTH-MOON 

bYR 
I 


-I 

I 

E.Y. ORBIT; PERIODIC; no= +2/1 
TR. -1.53667; P/2 * 2.714 

Figure 130 


I 


I

I 


E.M.  ORBIT; 

YR * -1.5310; TnEr* 6.0 


Figure 132 


F I E L D  O R B I T S  

E.Y. ORBIT; 
TR = - 1.5340 

Figure 131 


E.M. ORBIT; 
Y ~ = - 1 . 5 3 1 0 ;  TnEr=15.00 

Figure 133 


KEPLER O R B I T S  

ZYR bYR 

II I I  


R 

I 


KEPLER ORBIT; n * + 713 KEPLER ORBIT; n * t2/1 

TR * -0 .547637;  P/2 = 9.425 TR -0.389678 ; PA?= 3.1416 


Figure 134 Figure 135 
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tYR 

E.M. ORBIT; PERIODIC 


YR .-1.51747; P/2 ~ 9 . 1 0 7  


Figure 136 

tyR 

E. M. ORBIT; PERIODIC 
YR=-1.49797; P/2 =8 .893 

Figure 139 

tYR 

KEPLER ORBIT ; n * + 5/3  


YR * -0.257790; P/2 = 9.425 


Figure 142 

EARTH-MOON FIELD ORBITS 

tYR 

4 

E.M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC 
1 ~ = - 1 . 5 1 7 4 7 ;  P / Z =  9.107 Tu*-1 .49797;  P/2 '8 .893 

Figure 137 F igu ie  138 

fYR 

P R 

E.M. ORBIT; PERIODIC 


TR .-1.45921; P/2*  5.557 


Figure 140 

KEPLER O R B I T S  

It'" 


KEPLER ORBIT; n = + 3 R  
YR - -0.19706; P/2 = 6.2832 

Figure 143 

E.M. ORBIT; PERIODIC 

Y ~ * - 1 . 4 3 2 5 3 ;  P/2=B.519 

Figure 141 

tyR 

KEPLER ORBIT. n = + 4 / 3  

YR = -0.13849; P/2 = 9.425 

Figure 144 
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EARTH-MOON FIELD ORBITS 


E M ORBIT; PERIOOIC 
Y~=-1.41689; P/2=1150 

Figure 145 

E M.ORBIT; PERIODIC 
Y ~ = - L 3 9 8 4 8 1 ;W2=29.05 

Figure 147 

E.M ORBIT 

Y ~ = - l . 3 9 9 0 0i TREF ~ 4 0 . 0  


Figure 146 

E M ORBIT; PERIODIC 
Y,=-1.39848lI P/2= 29.05 

Figure 148 

Comments to Figures 146 to 148 


Attention may be directed to the fact that from here on, for 

a large portion of the series to come, the "breakouts" of the 

orbits into outside regions materialize through the neck that is 

formed by the Jacobian zero-velocity curves in the neighborhood

of the Moon. 
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EARTH-MOON F I E L D  ORBITS 


E M. ORBIT; PERIODIC E.M.OR8IT E.M.ORBIT 

YR =-1.39403; P/2 = 11.00 Y~=-1.391530; TREF' 3 5 . 0  Y ~ = - 1 . 3 8 8 ;T ~ ~ ~ x 3 0 . 0  


Figure 149 Figure 150 Figure 151 

KEPLER ORBITS 

KEPLER ORBIT; n +5 /4  KEPLER ORBIT ; n = * 6 / 5  KEPLER ORBIT; n = +8/7 


YR =-0.10978; PI2 ~ 1 2 . 5 7  YR * - 0 . 0 9 2 6 8 2 ;  P I 2  * 15.71 YR = - 0 . 0 7 3 2 4 2 ;  P/2 = 21.99 


Figure 152 Figure 153 Figure 154 
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EARTH-MOON FIELD ORBITS 

A 'R 

I 

I ~ 

E.M.ORBIT; PERIODIC 

VR =- 1.37624; P/2= 11.39 


Figure 155 Figure 156 

E.M. ORBIT E.M.  ORBIT; PERIODIC 


Y R .  -1.37080 YR '-1.370792; P12. 8.670 


Figure 158 Figure 159 

E M. ORBIT 

YR -1.37200; TmEr .  15.0 


Figure 157 

E.M. ORBIT; PERIODIC 


YR = -1.370792; P/2 8.670 


Figure 160 
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EARTH-MOON FIELD ORBITS 


-I 

I 

E.M. ORBIT; PERIODIC 
YR*-1.370567;  P /2= 11.78 

Figure 161 

E.M. ORBIT; 
YR = -1.36300 

Figure 164 

E . M .  ORBIT; PERIODIC E .  M. ORBIT ,  


YR=-1.370567; P/2. 11.78 YR=-1.37020;  T . ~ ~ = 1 7 . 0  


Figure 162 Figure 163 

- x R-

E.M. ORBIT; PERIODIC E.M.  ORBIT 
YR=-1 .367628;  P / Z = 8 . 3 9 0  YR = -1.364800 

Figure 165 Figure 166 
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EARTH-MOON F I E L D  O R B I T S  

R 

-I I 
1 

E. M. ORBIT ; PERIODIC E . M  ORBIT; E.M.ORBIT; PERIODIC 

T R '  -1 .364521;  P / 2 - 8 . 4 1 8  YR = - 1 . 3 6 4 5 0 0 ;  TREF= 16.0 YR = -1 .364383;  P/2 = 11.58 


Figure 167 Figure 168 Figure 169 

I f " .  .-

-I ~ -2% 

I 
-I I .-

E.M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC E.M. ORBIT 

YR- -1.36433; P/2 * 11.73 YR -1.364312 ; P12 = 5.33 YR = -1 .364280;  T,,, = 20.0 


Figure 170 Figure 171 Figure 112 
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EARTH-MOON FIELD ORBITS 


_- - - .  1 -

-I 

I-_ _ _ ~  . .~.~-

Figure 173 Figure 174 Figure 175 

'R 

--I f 
E.M. ORBIT; PERIODIC E.M. ORBIT E.M. ORBIT;  PERIODIC 


TR * -1.364126; PI2 '8.38 Y R *  -1.364125 YR = -1.364117; P / 2 =  12.55 


Figure 176 Figure 177 Figure 178 
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EARTH-MOON FIELD ORBITS 


'f' 
1 

0.I 

C 

-0.1 

E.M.  ORBIT 

YR=-1 .364110;  TREF = 20.0 


Figure 179 

tYR t'" 

R 

E .M.  ORBIT; PERIODIC 

YR = -1.364102 ; Pf2 = 3.553 


Figure 18) 

TREF 

E.M. ORBIT E.M. ORBIT 

Y ~ = - 1 . 3 6 4 1 0 0 ;  TREFi 15.6 TR =-1.364097; TREF = 7.00 


Figure 182 Figure 183 

-0. 

E.M. ORBIT 

YR -1.364100; TREF=6.00 


Figure 181 

E.M. ORBIT; PERIODIC 

YR 3 -1.364095; P /2=6 .06  


Figure 184 

Comments to Figures 180 and 184 


The relatively broad transition area from unconfined orbits 

toward orbits confined to the Moon's field contains a number of 

isolated periodic orbits of interesting structure. These start 

with the orbits on Figure 180 and 184. The reader will recognize

others on the following pages. 
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I 1  I I, I,, I I , ,.. , .. . .. . .. .. - . .. 

EARTH-MOON F I E L D  ORBITS 

E.M. ORBIT; PERIODIC 


Y R '  -1.364091; P/2 =6 .297 


Figure 185 

byR 

0.2 

0 


-0.2-


E.M. ORBIT 


Y R = -1.363500; TICF = 3.10 


Figure 188 

E.M. ORBIT; PERIODIC 
1~= -1 .3640796 ; P/2 * 6.408 

Figure 186 

0.2 

-, 
I 

I 

-0.2-I_ ~ 

E.M. ORBIT 


YR * -1-360500; TIEF - 3.10 


Figure 189 

E.M. ORBIT ; PERIODIC 

1~.-1.364065 ; P/2 * 1.950 

Figure 187 

tY" 


E.M ORBIT; PERIODIC 
'?~=-1.359620;P / 2 = 9 . 3 2 8  

Figure 190 
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-- 

EARTH-MOON FIELD ORBITS 


r 

E. M. ORBIT ; PERIODIC E.M. ORBIT i PERIODIC 
Y ~ = - l . 3 5 9 0 4 2 ;P/2*4 .359 Y ~ . - l . 3 5 8 8 9 0  ;W2.2.553 

Figure 191 Figure 192 Figure 193 

I! 

I R 

I - 1  I
I 

~ 
I 

E.M. ORBIT;  PERIODIC E.M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC 


TR 5 -1.358420; P/2 * 13.12 TR. -1.357794 ; P/2 = 2.716 TR. -1.356582 ; P/2 * 16.5 


Figure 194 Figure 195 Figure 196 
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EARTH-MOON FIELD ORBITS 


E.M.ORBIT; PERIODIC 


TR - -1.356354; P/Z.  13.56 


Figure 197 


EM. ORBlTi PERIODIC 

TR - -L356327  t P/2 = 7.076 


Figure 200 


lb"
I 

E.M. ORBIT i PERIODIC 
Y~=-1 .356345  ;P/2 ~16.74 

Figure 198 


E.M. ORBIT 

?~ ' - I . 356300 ' :  TREF = 9.600 


Fiqure 201 


EM.ORBIT i PERIODIC u ~ =  
1.356339 ; P/2 = 10.55 

Figure 199 


I 


E.M. ORBIT 

1~'-1.356300; TmEF'20.0 


Figure 202 
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EARTH-MOON FIELD ORBITS 


E. M. ORBIT ; PERIODIC E.M. ORBIT E. M. ORBIT 

YR - -1.35580; W2.5.49 YR = -1.355100; TnLF * 3.07 YR = -1.355100; TnEF= 5.66 

Figure 203 Figure 204 Figure 205 

4 YR 

tYR t 

O!* R 

-0.1 W 
E.M. ORBIT;  PERIODIC E. M. ORBIT;  PERIODIC E M. ORBIT 
YR I -1.35479. P / 2 =  2.814 'IR -1.35074. P/2 s 2.891 1,- -1.330; TnEF= 1.75 

Figure 206 Figure 207 Figure 208 

Comments t o  F igures  2 0 1  t o  2 0 6  

The o r b i t  on F igure  2 0 1 ,  shown aga in  i n  F igu re  2 0 2  w i t h  t i m e  
extended t o  T = 2 0 . 0 ,  i s  capable  of e i t h e r  escaping  o r  reaching  
l a r g e  d i s t a n c e s  from t h e  masses. With t h e  next  f o u r  o r b i t s  p l o t t e d ,  
however, t h e  t r a n s i t i o n  t o  o r b i t s  bounded i n  t h e  Moon f i e l d  i s  
r e a l i z e d .  The l a s t  s t e p  toward t h i s  i s  made by t h e  alignment of 
a l l  loops of t h e  o r b i t  i n t o  mean-motion about  t h e  Moon i n  t h e  
d i r e c t  s ense  of r e v o l u t i o n ,  which i s  i l l u s t r a t e d  on F igu res  203 
t o  206 .  The l u n a r  f lyby  between t h e  loops numbered "1" and " 2 "  
i s  r e t r o g r a d e  on Figure  203 and d i r e c t  on F igure  2 0 6 ,  whi le  Fig
u re  2 0 4  and Figure  205  demonstrate  t h e  c o l l i s i o n  case. From he re  
on, t h e  loops  form i n c r e a s i n g l y  r e g u l a r  p a t t e r n s ,  a s  shown on t h e  
succeeding E-M-graphs . 
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EARTH-MOON F I E L D  ORBITS 


X R- - XR=
1.05 

XR 

E.M ORBIT E .Y .  ORBIT E.Y. ORBIT ; PERIODIC 
lR-1.300; TREF - 3.14 TI) -1.250; T,,, - 3.14 TR. -1.250; P/2 = 3.077 

Figure 209 Figure 210 Figure 211 


KEPLER ORBITS 

c 

XR 

KEPLER ORBIT ; n = + 16/15 KEPLER ORBIT ; n :t 5 0 / 4 9  KEPLER ORBIT; n = + 5 0 / 4 9  
9 ~ = - 0 . 0 4 7 4 3 8; P/2: 47.12 Y ~ = - O . O 3 l B l 2 ;P /2*153 .9  YR = -0.031812, P/2 = 153.9 

Figure 212 Figure 213 Figure 214 
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EARTH-MOON F I E L D  ORBITS 

-.02-1 R 

E .Y .  ORBIT E . M  ORBIT 
YR = -1.200; TIME S H O W N  3.14 Y R *  -1.100; TIME S H O W N '  2.00 

Figure 215 Figure 216 

,.04p I I 
~-

Comments to Figure 216 


Though the orbit calculation is done with the assumption of 

the masses being point-masses, the Moon's physical extension is 

indicated on several of the subsequent figures to convey a feel 

of the size of the orbits involved. 


KEPLER ORBITS 

I
KEPLER ORBIT. n * +125/124 KEPLER ORBIT 

YR * - 0 . 0 2 7 6 4 5  ; PI2 = 389.6 YR :-0.0260; TIME SHOWN 8 15.94 

Figure 217 Figure 218 
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EARTH-MOON FIELD ORBITS 

t yR 

E M ORBIT ; PERIODIC E.M. ORBIT E.M. ORBIT- 0 . 0 3 ~ 7 ~  lR.yR .-I.OIZSBO; ~ 1 2  -0.900; TIME SHOWN 0.56 YR = -0.700; TIME SHOWN, 0 .39  

Figure 219 Figure 220 Figure 221 

Comments t o  F igu res  2 1 9 ,  238 and 223 

While t h e  Kepler series has  only one o r b i t  of t h e  s i n g l e -
loop type about t h e  p o i n t  ( 1 . 0 ;  O . O ) ,  i . e . ,  t h a t  reproduced on 
Figure  223, t h e  E - M - s e r i e s  produces two s ingle- loop  type  (near
c i r c u l a r )  o r b i t s  about t h e  Moon. These are shown on F igures  219 
and 238. 

KEPLER O R B I T S  

1.02 


KEPLER ORBIT KEPLER ORBIT. n = + I  KEPLER ORBIT 
T~ * -0.0~~0;TIME SHOWN 1 17.48 YR = -0 .0249228 ,  P I 2  = 3.1416 YR = -0 .02480 .  TIME SHOWN 14.02 

Figure 222 Figure 223 Figure 224 
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EARTH-MOON FIELD ORBITS 

tYR 
0.005 


-.
-0.005 

MOON'S CENTER 

E Y ORBIT -0.010 
TR * -0.5W; TlYE SHOWN, 0.12 I 

E.M. ORBIT E.M. ORBIT 

TR. -0.500; TIME SHOWN 8 1.575 TR * -0.200; TIME SHOWN 3 0.27 


Figure 225 Figure 226 

t yR 
+.O 


XR 

-.005 h I I 

I 

E M ORBIT 


YR = -0.04; TIME SHOWN I 0.20 


Figure 228 

KEPLER ORBIT 
lR* -0.02400 ; TIME SHOWN I 15.05 

Figure 231 

I 

- - O o 5 P  

E.M ORBIT 


YR * 0.000; TIME SHOWN 0.28 


Figure 229 

KEPLER O R B I T S  

KEPLER ORBIT; n = 159/160 
T R ~ - 0 . 0 2 2 8 1 3 ;  P/2 502.6 

Figure 232 

Figure 227 

t yR 

I 
E.M ORBIT 


YR = t0.200, TIME SHOWN - 0.27 


Figure 23G 

r 

KEPLER ORBIT ; n * 159/160 
1~ * -0.022813; P/2 = 502.6 

Figure 233 
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I, I. .I., . .. -

EARTH-MOON F I E L D  O R B I T S  

4yR 

E.M ORBIT 


TR = t0.500 ; TIME SHOWN 0.32 


Figure 234 

E M ORBIT 


YR = +0.800. TIME SHOWN' 0.52 


Figure 237 

*R 

L 

0.I 
lr 

E M. ORBIT 

YR = +0.500:  TIME SHOWN, 1.57 


Figure 235 

E M ORBIT. PERIODIC 


YR = +0.987734 ; P/2 = 0.03979 


Figure 238 

KEPLER O R B I T S  

1.1 

E M  ORBIT 

YR = +0.700. TIME SHOWN 0.39 


Figure 236 

R 

I I 
I J 

E M .  ORBIT 


YR = +1.100; TIME SHOWN 2-00 


Figure 239 

YR 


L (0.5 


0.5 

ii 


KEPLER ORBIT; n 124/125 KEPLER ORBIT ; n = 124/125 
YR -0.022223;  P I 2  = 3 9 2 . 7  YR - 0 . 0 2 2 2 2 3 ,  P/2 = 392.7  

F igure 240 Figure 241 
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EARTH-MOON FIELD ORBITS 


I I 1 t” I I 1 
.02 


EART 

-.02 


-.os 

E. M. ORBIT E. M. ORBIT E. M. ORBIT 

lR= + 1.200; TIME SHOWN 6 3.15 1~ = + 1.250; TIME SHOWN 3.15 Y R .  +1.300; TIME SHOWN, 3.22 


Figure 242 Figure 243 Figure 244 


1 1 

R!* R 

-.I 
110& -7 I 

E.  M. O R B I T ;  PERIODIC E.M. ORBIT E M. ORBIT , PERIODIC 
lR* +1.3115 ; P l 2  = 3.6 lR - + 1.323; TIME SHOWN I 12.0 YR = +1.3260; P12 = 5.97 

Figure 245 Figure 246 Figure 247 
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EARTH-MOON FIELD ORBITS 


E.M. ORBIT E.M. ORBIT E M. ORBIT- +1.3270; TIME SHOWN, 12.06 YR = 1.32760; TIME SHOWN 25.06 lRlR - 1.32760 ; TIME SHOWN 35.02 

Figure 248 Figure 249 Figure 250 

YR 

0.: 


-C 
XR TO EARTH 

MOON 
-0.5 

-0.2 

E. M. ORBIT ; PERIODIC E. M. ORBIT E.M. ORBIT ; PERIODIC- 1.327647 ; P/2 * 2 . 9 4 3  YR= 1 .32770;  TIME SHOWN I 25.04 YR * 1.32780; P/2 - 2.111lR 

Figure 251 Figure 252 Figure 253 

Comments t o  F igures  251, 253, 255, and 2 6 0  

This  r eg ion  of t r a n s i t i o n  from o r b i t s  bounded i n  t h e  Moon's 
f i e l d  t o  g e n e r a l  o r b i t s  i s  producing t h e  t r iangle-shaped  p e r i o d i c  
o r b i t s  of one o r  more loops as  r ep resen ted  on F igu res  251, 253, 
255, and 260 .  The l a s t  one shows t h e  s a m e  number of loops as t h e  
f i r s t  one. 
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- -  

Y R  --- 

EARTH-MOON FIELD ORBITS 

'R 

1 0.0: 0.1 I I 1 

0 .90 
C 

TO EARTH 
XR 

--t 

-O.O! 

E . M .  ORBIT 

YR = 1.327910; TIME SHOWN 20.66 


Figure 254 

YRl+l.o 

\1,MOON ' 

(-I.o 

E.M. ORBIT: 

YR=+l.3279120; TIME SHOWN:40.1 


Figure 257 

- 0.1 

E.M. ORBIT; PERIODIC; EM.  ORBIT; 
YR'+1.32791IE, P/2 :I. 101 YR=+L3279120; TIME SHOWN: 30.1 

F igure 255 Figure 256 

t". 

.O* 

X R  

I-I.O 
1-1.0 _1 

E.M. ORBIT; E.M. ORBIT; 

YR= + 1.327919 ;TIME SHOWN 31.0 YR = +1.327340; TIME SHOWN 30.0 


Figure 258 Figure 259 
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EARTH-MOON F I E L D  O R B I T S  

E M ORBIT , PERIODIC 
Y~=+I .3279741,  P12.4.345 

Figure 260 

E. M .  O R B I T  


y~ = 1.328250; TIME SHOWN I 8.04 


Figure 263 

0.1 0.1 

0 	 -- 0 
XR 

-0.I -0.1 

E M  ORBIT. E . M  ORBIT, 

Y R =  + 1.32816 ; TIME SHOWN: 8.04 Y R =  + 1.32822 ; TIME SH0WN:B.O 


Figure 261 Figure 262 

ISLUNAR EQUILIBRIUM POINT

Ic-___ 
E.M. ORBIT E . Y .  ORBIT ; PERIODIC 


YR = 1.328253 ; TIME SHOWN I 8.08 YR - 1.32825317 ; P12 .2.46 


Figure 264 Figure 265 
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EARTH-MOON F I E L D  O R B I T S  

0. I 0.1 

E. M. ORBIT ; PERIODIC 

YR .1.32825317 ; PI2  - 2.46 

Figure 266 

E.M ORBIT 


YR = l r 3 2 8 2 5 3 4 ,  TIME SHOWN 4.87 


Figure 263 

MOON 

CISLUNAR EPUlLlBRl M POINTi 
E. M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC 

TR * 1.32825330; P/2 - 3.013 TR 1.32825330; P12 -5.166 


Figure 267 Figure 268 

E . M .  ORBIT E .  M. ORBIT 


YR 1.3282536, TIME S H O W N ,  20.06 YR * 1.328255; TIME SHOWN 8 4.44 


Figure 270 Figure 271 

Comments t o  F igu res  2 6 6 ,  2 6 7 ,  and 2 6 8  

F igure  2 6 6 ,  which shows t h e  same o r b i t  a s  F igure  265, i s  re
pea ted  f o r  t h e  h a l f  pe r iod  i n  o r d e r  t o  have t h e  sequence of 2 6 6 ,  
2 6 7 ,  2 6 8  demonstrate t h e  argument f o r  t h e  e x i s t e n c e  of an asympto
t i c  p e r i o d i c  o r b i t  about t h e  c i s - l u n a r  l i b r a t i o n  p o i n t .  The or tho
gonal  c r o s s i n g  of t h e  XR-axis i s  encountered wi th  t h e  second c u t  
of t h i s  a x i s  on t h e  f i r s t  of  t h e  t h r e e  o r b i t s  (F igure  2 6 6 ) ;  w i th  
t h e  t h i r d  c u t  of t h e  XR-axis on t h e  second o r b i t  (F igure  2 6 7 ) ;  
whi le  on Figure 268 t h e  or thogonal  c r o s s i n g  i s  found wi th  t h e  
f o u r t h  c u t  of  t h e  XR-axis. The v e l o c i t y  d i f f e r e n t i a l  between t h e  
l a s t  t w o  o r b i t s  i s  beyond t h e  d i g i t s  l i s t e d  he re .  

Arguments i nvo lv ing  t h e  magnitude of t h e  ang le s  of c r o s s i n g s  
p a s t  t h e  or thogonal  c r o s s i n g  on Figure  268 can be made i n  suppor t  
of t h e  con t inua t ion  of t h e  sequence of t h e  t h r e e  o r b i t s  toward t h e  
asymptot ic  p e r i o d i c  one, though no proof of t h i s  can be given by 
t h e  methods of  exper imenta l  astrodynamics.  
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EARTH-MOON F I E L D  O R B I T S  

E. Y.  ORBIT; PERIODIC 


T R .  1.328265; P12 - 9 . 5 4 5  


Figure 272 


E . Y .  O R B I T  


YR - 1.32930; TIME SHOWN 8 51.06 


Figure 275 


E. Y. ORBIT ; PERIODIC 


TR = 1.328273; P l 2 .  19.16 


Figure 273 


tYR 

E.Y.  ORBIT; PERIODIC 

YR * 1.337922 ; P/2. 7.285 


Figure 276 


E. Y ORBIT ; PERIODIC 


YR = 1.32891427 ; P/2 * 7.915 


Figure 274 


E. Y.  ORBIT 


TR = 1.3440;  TIME SHOWN 8 35.00 


Figure 277 


60 




EARTH-MOON F I E L D  ORBITS 


E. Y.ORBIT ; PERIODIC E.M.  ORBIT 


YR 1.344813; P/2 * 10.30 YR * 1.3450; TIME SHOWN I 35.1 


Figure 278 Figure 279 

r -
E M. ORBIT; PERIODIC E M. ORBIT ; PERIODIC 
Y R  - 1.359414; P/2 - 4.05 YR = 1.363814 i P/2 ' 9.0QB 

Figure 281 Figure 282 

KEPLER ORBITS 

IR R 

k, L .9.. ._ 

0.I0.10 L-., 

0.2 
0.20 L 
z i 

KEPLER ORBIT, CUSPING ORBIT 
YR = -0.021342: TIME SHOWN: 20.18 	 KEPLER ORBIT 

Y R =  -0.02070; TIME SHOWN: 20.21 

Figure 284 Figure 285 

E. M. ORBIT 

YR - 1.3590; TIME SHOWN 30.0 


Figure 280 

E M. ORBIT 

YR = 1.36980: TIME SHOWN 3 25.15 


Figure 283 

t'" 


KEPLER ORBIT ; CIRCULAR ( W S I T I V E I  
YR = -0.0186920 : PI2 = 170.2 

Figure 286 
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EARTH-MOON FIELD O R B I T S  

E. M. ORBIT 


YR = 1.37020; TIME SHOWN: 24.97 


Figure 287 

E M  ORBIT 

?R= I 390; TIME SHOWN : 28.03 


Figure 290 

E.M. ORBIT 

9, .  1.3750; TIME SHOWN : 20.14 


Figure 288 

E M ORBIT; PERIODIC 

Y R =  1,395048 ; P/2= 19.71 


Figure  291 

YR 

tl.0 

1.0 -
XR 

~. 

E.M. ORBIT ; PERIODIC 

?R= 1.387032 ; PI2 = 9.263 


Figure 289 

E.M. ORBIT 
? ~ = 1 . 3 9 5 2 0 ;TIME SHOWN : 28.01 

Figure 292 

and 293 

are a l l  examples of 
and Moon. 

Comments t o  Figures  281, 2 8 9  

The o r b i t s  on Figure 281, 289 and 293 
"simple" o r b i t s  t h a t  go around both Ear th  

6 2  



EARTH-MOON FIELD ORBITS 


-1.0 

E. M. ORBIT ; PERIODIC E.M. ORBIT 

PR. 1.395543;  P/2' 9.766 u ~ .1.398 ; TIME SHOWN : 23.61 


Figure 293 Figure 294 

t'" 

1
I 

I 

E. M. ORBIT E.M.  ORBIT 


YR - 1.4006; TIME SHOWN 8 27.12 YR = 1.4012 ; TIME SHOWN 8 1.915 


Figure 296 Figure 297 

KEPLER ORBITS 
R R 

L 

e 5  

I 
EPLER ORBIT KEPLER ORBIT ; CUSPING ORBIT 

YR = -0.0100 ; TIME SHOWN I 20.20 Ye = 0.00 ; TIME SHOWN 90.37 

Figure 299 Figure 300 

E.M. ORBIT ; PERIODIC 
9,. 1.399745 ; P/2 = 13.00 

Figure 295 

E . M  ORBIT 

YR = 1.4015; TIME SHOWN: 20.16 


Figure 298 

R 

t 

KEPLER ORBIT ; n = +6/7  


YR = +0.023343; P/2 * 21.99 


Figure 301 
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EARTH-MOON F I E L D  O R B I T S  

i 

E M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC E.  M. ORBIT 

YR = 1.403960; P I2  = 13.31 YR = 1.404951 ; P/2 = 10.14 YR * 1.405; TIME SHOWN a 70.12 


Figure 302 Figure 303 Figure 304 


t'R 
1.0 

I p.0 I 


E.  M. ORBIT; PERIODIC E.M. ORBIT; PERIODIC E . M .  ORBIT; PERIODIC 

Y R .  1.405183; P I 2  - 6.995 TR = 1.405420; PI2 = 9.987 TR = 1.405595. P/2 = 15.53 


Figure 305 Figure 306 Figure 307 
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EARTH-MOON FIELD ORBITS 


-0.5 IO


E. M. ORBIT ; PERIODIC E.M. ORBIT 


Y R *  1 .405803;  P12 = 16.05 YR - 1.40583380; TIME SHOWN 12.0 


Figure 308 Figure 309 

E.M. ORBIT E.M. ORBIT; PERIODIC 

YR = 1.405834 i TIME SHOWN 8 12.11 YR = 1.4059395; P 1 2 .  13.9 


Figure 311 Figure 312 

A 'R 

E.M. ORBIT; PERIODIC 


YR I 1.4058339; P12 - 3.744 


Figure 310  

E.M. ORBIT ; PERIODIC 

YR = 1.4059805;  P I 2  = 17.16 


Figure 313 

Comments to Figure 310 


This orbit separates the orbits of direct motion about Earth 

from those of retrograde motion. 
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EARTH-MOON FIELD ORBITS 


tyR 

E .  M .  ORBIT ; PERIODIC E.M. ORBIT: PERIODIC 

YR = 1.406001; P/2 = 20.31 YR = 1.40605, P/2 = 40.87 


Figure 314 Figure 3!5 

YR 

t2.0I 

E.M. ORBIT E.M. ORBIT 


TR * 1.4115 TIME SHOWN 14.15 YR = 1.411850 ; TIME SHOWN 14.08 


F'igure 317 F i g u r e  318 

YR 

.O 

I 

E.M.ORBIT 

YR - 1.410, TIME SHOWN I 30.04 


Figure 316 

YR 

E .  M .  ORBIT ; PERIODIC 


T R .  1.4118647: P12 = 4.119 


Figure 319 

Comments t o  F igu res  319 and 3 2 8  

With t h e  o r b i t  of F igure  319, t h e  d i r e c t i o n  of motion about 
t h e  Ea r th  i s  r e tu rned  t o  t h e  p o s i t i v e  one which, however, i s  
maintained f o r  a s h o r t  s t e p  i n  t h e  p rogres s ion  only.  The reassump
t i o n  of t h e  r e t r o g r a d e  motion occurs  a f t e r  pas s ing  t h e  p e r i o d i c  
o r b i t  about t h e  t r a n s l u n a r  equ i l ib r ium p o i n t  dep ic t ed  on Figure  
3 2 8 .  
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EARTH-PTOON FIELD ORBITS 


E.M. ORBIT E.M. ORBIT; PERIODIC 


TR. 1.41188 ; TIME SHOWN 13.04 YR = 1.4120099 ; P/2 = 16.83 


Figure 320 Figure 321 


P" t" 

E.M. ORBIT E.M. ORBIT; PERIODIC 


YR = 1.4130 ; TIME SHOWN c l 4 . 0 7  YR = 1.413573 i P/2 = 6.838 


Figure 323 Figure 324 


t" 


E.M. ORBIT 


TR= 1.4125; T IE SHOWN' 25.05 


Figure 322 


E-Y. ORBIT 


YR = 1.4160 ;TIME SHOWN 2 23.22 


Figure 325 
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EARTH-MOON F I E L D  O R B I T S  

I tYR I f Y R  'R 

0.5 3 

I.o6-y1 
-3 

-03*cr 

E.M. ORBIT E.M. ORBIT E . M .  ORBIT; PERIODIC 
lR- 1.41730 ; TIME SHOWN t 30.09 Y R .  1.41745; TIME SHOWN 18.25 YR = 1.417491; P/2 = 3.087 

Figure 326 Figure 327 Figure 228 

E. M .  ORBIT E. M. ORBIT E. M. ORBIT 


YR = 1.41760; TIME SHOWN : 18.07 YR = 1.4190; TIME SHOWN.: 30.17 TR 1.421 ; TIME SHOWN 1 30.04 


Figure 329 Figure 330 Figure 331 
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EARTH-MOON F I E L D  O R B I T S  

E.M. ORBIT 

TR = 1.4250 ; TIME SHOWN 32.02 


Figure  332 

tYR 

E. M. ORBIT 


TR = 1.4291 ; TIME SHOWN: 51.06 


Figure 335 

E. M. ORBIT 

TR s 1.42820 ; TIME SHOWN : 42.02 


Figure 333 

t yR 

E.M. ORBIT ; PERIODIC 

TR * 1.429742; PI2 .22.16 


Figure 336 

KEPLTR OF.BITS 

t'" 

E.Y. ORBIT 

TR 1.4290; TIME SHOWN 60.08 


Figure 334 

E. M. ORBIT ', PERIODIC 

YR = 1.430696 ; P/2 15.95 


Figure 337 

KEPLER ORBIT ; n = + 415 KEPLER ORBIT ; n = + 3/4 


YR = + 0 . 0 4 2 7 4 2 ;  P/2 * 15.71 TR = +0.059800; P/2 = 12.57 


Figure 338 Figure 339 69 



EARTH-MOON F I E L D  O R B I T S  
tYR bYR 

2.0 2 


E.Y .  ORBIT ; PERIODIC E.M. ORBIT E. M. .OR81T 

lR= 1.432550; PI2 = 12.85 1~ 1.4360 ; TIME SHOWN 2 32.03 lR= 1.43610; TIME SHOWN: 29.03 

Figure 340 Figure 341 Figure 342 

tyR tyR t yR 

E . Y .  ORBIT; PERIODIC E .  Y. ORBIT ; PERIODIC E.M. ORBIT 

lR* 1.436128 ; PI2 = 9.78 lR= 1.438569 ; P/2 = 16.09 YR = 1.4440; TIME SHOWN 1 27.61 

Figure 343 Figure 344 Fi gure 345 

KEPLER O R B I T S  

KEPLER ORBIT ; n * + 2 / 3  KEPLER ORBIT; n * + 3 / 5  

YR = 0 . 0 8 8 4 8 4  ; P/2 * 9.425 YR = 0.11175 ; P/2 15.71 

Figure 346 Figure 347 
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EARTH-MOON F I E L D  O R B I T S  

E.M.  ORBIT E. M. ORBIT E.M. ORBIT 


YR = 1 . 4 4 6 0 2 0 ;  TIME SHOWN' 30.07 YR = 1 . 4 4 6 0 4 3 ;  TIME SHOWN I 29.10 YR = 1 . 4 4 6 0 4 5 ;  TIME SHOWN : 23.54 


Figure 348 Figure 349 Figure 350 


P 

0 


E.M. ORBIT E.M. ORBIT ; PERIODIC E. M. ORBIT 


YR = 1 . 4 4 6 0 4 8 ;  TlMC SHOWN 2 30.03 YR = 1 . 4 4 6 0 5 0 3  ; P/2 = 15.26 YR = 1.4461 ; TIME SHOWN: 30.05 


Figurs 351 Figure 352 Figure 353 


71 




EARTH-MOON FIELD ORBITS 
A yR 

E. M. ORBIT;  PERIODIC 
E.  M. OR817 E . M .  ORBIT YR = 1 . 4 4 7 5 4 7 ;  P/2 = 6.707 
YR = 1 . 4 4 6 6 ;  T IME SHOWN: 2 4 . 0 6  YR = 1 . 4 4 6 8 ;  TIME SHOWN: 30.12 

Figure 354 Figure 355 Figure 356 

tYR tYR 

E. M. ORBIT E. M. ORBIT 

IR 1.450;  T IME SHOWN: 2 4 . 7 5  TR .1 . 4 5 8 0 ;  TIME SHOWN I 24.62 

Figure 357 Figure 358 

KEPLER ORBITS 
IYR 

KEPLER ORBIT;  n = +I12 KEPLER ORBIT; n = + 2 / 5  
YR = 0.14739 ; P/2 = 6 . 2 8 3  YR 0 .18434 ; P/2 * 15.71 

Figure 359 Figure 360 
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EARTH-MOON F I E L D  O R E I T S  

E .  M. ORBIT E. M. ORBIT; PERIODIC 

YR = 1 . 4 5 9 5 0 ;  TIME SHOWN: 30 .02  Y R '  1.4597613; P I 2  = 18.55 


Figure 361 Figure 362 


KEPLER O R B I T S  

KEPLER ORBIT ; n = + I 1 3  KEPLER ORBIT ; n = 
YR = 0 . 2 1 0 0 2  i P12 * 9.425 YR * 0.21002 i P/2 

Figure 364 Figure 365 


E . M  ORBIT; PERIODIC 

YR = 1.460332 ; P/2 = 9.891 


Figure 363 


+ 113 

9 .425 

7 3  




EARTH-MOON F I E L D  O R B I T S  


E. M .  ORBIT E M ORBIT E. M. ORB11 

YR 1.470; TIME SHOWN: 33.15 YR = 1 . 4 9 0 ;  TIME SHOWN: 35.09 YR = 1.500; TIME SHOWN : 45.22  


Figure 366 Figure 367 Figure 368 

KEPLER 

'R 

1.0

:i.
I 

KEPLER ORBIT ; n = + 1/5 

YR = 0.26551 ; P/2 = 15.71 

F i g u r e  369 

ORBITS 

20.0 R 

KEPLER ORBIT ; (PARABOLIC1 

YR = 0 . 3 9 2 9 6  ; TIME SHOWN I 45.02 


Figure 370 
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